arXiv:1501.03476vl [math.PR] 14 Jan 2015 


Local Central Limit Theorem for diffusions in a degenerate and 

unbounded Random Medium. 


Chiarini, Alberto* and Deuschel, Jean-Dominique^ 


January 15, 2015 


Abstract 

We study a symmetric diffusion X on IR'^ in divergence form in a stationary and ergodic en¬ 
vironment, with measurable unbounded and degenerate coefficients. We prove a quenched local 
central limit theorem for X, under some moment conditions on the environment; the key tool is a 
local parabolic Harnack inequality obtained with Moser iteration technique. 
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1 Description of the Main Result 

We model the stationary and ergodic random environment by a probability space on which 

we define a measure-preserving group of transformations Tj, : U ^ 0, x G K'^. One can think about 
Txio as a translation of the environment a; G 0 in direction x G IR'^. The function {x,io) Txio is 
assumed to be (8) ^-measurable and such that if TxA = A for all x G then //(A) G {0,1}. 

Given the random environment fj,,{Tx}x^Rd) we can construct a stationary and ergodic random 

field simply taking a random variable / : U —)• R and defining f‘^{x) := /{txUj), x G R'^. 

We are given a ^-measurable function a ; U —>■ such that 

(a.l) there exist ^-measurable non-negative functions A, A : —)• R such that for /x-almost all w G fl 

and all ^ G R'^ 

AMg|2<(a(o;g,0<AHg|b 

(a.2) there exist p,q G [1, oo] satisfying Ijp + Ijq < 2jd such that 


E^[AP] < oo, E^[A < oo. 


Our diffusion process is formally associated with the following generator in divergence form 


( 1 . 1 ) 


L‘^u{x) = ■ {a‘^{x)Vu{x)). 


Since a‘^{x) is modeling a random field, it is not natural to assume its differentiability in x G R'^. 
Therefore the operator defined in (|l.ll) does not make sense, and the standard techniques from the 
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Stochastic Differential Equations theory or Ito calculus are not helpful nor in the construction of the 
diffusion process nor in performing the relevant computations. 

We will exploit Dirichlet Forms theory to construct the diffusion process formally associated with 
(HU). Instead of the operator we shall consider the bilinear form obtained by L‘^ formally integrating 
by parts, 


( 1 . 2 ) 


£‘^{u,v) = ''^ / a‘^j{x)diu{x)dju{x)dx 


for a proper class of functions u,v G C L^(IR'^, more precisely is the closure of 

C'“(IR'^) in A'^dx) with respect to £‘^ + It is a classical result of Fukushima [11] that 

it is possible to associate to (HU a diffusion process (X^,P“) as soon as (A^) ^ and A'^ are locally 
integrable. As a drawback, the process cannot in general start from every x G but only from almost 
all, and the set of exceptional points may depend on the realization of the environment. 

In |5| it was proved that if A‘^(-) G for /r-almost all w G D then a quenched 

invariance principle holds for , namely the scaled process converges in distribution 

under Rq to a Brownian motion with a non-trivial deterministic covariance structure as e —)• 0. In that 
work local boundness was assumed in order to get some regularity for the density of the process X‘^ 
and avoid technicalities due to exceptional sets arising from Dirichlet forms theory. 


In this paper we show that if a quenched invariance principle holds, then under (a.l) and (a.2), the 
density of X^'‘^ converges uniformly on compacts to the gaussian density. Hence, to state the theorem 
we need the following assumption. 

(a.3) Assume that there is a positive definite symmetric d-dimensional matrix S such that for //-almost 
all w G D we have that for almost all o G R*^, all balls H C R'^ and all compact intervals I C (0, oo) 


lim Po 2 GB)= ^ \ [ 

{2'KtY det S Jb 


exp 


X • S ^x 

2t 


dx 


uniformly in f G /. 


Observe that provided that A^(-) A‘^(-) G A“^(R'^) for //-almost all cj G D then assumption (a.3) 

is satisfied for all o G R'^, //-almost surely due to Theorem 1.1 in |5]. 


Theorem 1.1. Let d > 2. Assume (a.l), (a.2) and (a.3), Letp‘f{-,-) be the density with respect to 
X^{x)dx of the semigroup associated to on L^(R'^, A^dx). Let r > 0 and I C (0, oo) 

compact. Then for p-almost all ui G Ll we have that for almost all o G R'^ 


(1.3) 


lim sup sup|e 2 (o,x/e) — [A] ^kf{x)\=0. 

\x-o\<r tGl ' 


If we assume further that A‘^(-) G L^^(R'^) for p-almost all uj G Lt then (HU is satisfied for 

all o G R'^. 


The method. The proof of Theorem 11.11 relies strongly on a priori estimates for solutions to the 
“formal” parabolic equation 


(1.4) 


dtu{t,x) 


1 

A“'(x) 


V • {aP{x)Vu{t, x)) = 0, 


t G (0, 00 ), X G R'^. 


It is well known that when x —>■ a^{x) and x —)• A“’(x) are bounded and bounded away from zero, 
uniformly in cj G D, then a parabolic Harnack’s inequality holds for solutions to (11.41) . this is a celebrated 
result due to Moser |16| . He showed that there is a positive constant Cph, which depends only on the 
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uniform bounds on a and A, such that for any positive weak solution of m on (t, t + r^) X B{x, r) 
we have 

sup u{s,z)<CpH inf u{s,z) 

(s,z)sQ_ (Si^)S(3+ 

where Q_ = (t + l/4r^, t + l/2r^) x B{x,r/2) and Qp = (t + 3/4r^, t + r^) x B{x,rj2). The parabolic 
Harnack inequality plays a prominent role in the theory of partial differential equations, in particular 
to prove Holder continuity for solutions to parabolic equations, as it was observed by Nash m and De 
Giorgi [7], or to prove Gaussian type bounds for the fundamental solution p^(x,y) of (ll.4p as done by 
Aronson [2]. It is remarkable that such results do not depend neither on the regularity of a nor of A. 

In this paper we shall exploit the stability of Moser’s method to derive a parabolic Harnack in¬ 
equality also in the case of degenerate and possibly unbounded coefficients. The technique is quite 
flexible and can also be applied to discrete space models for which we refer to [T] . 

Moser’s method is based on two steps. One wants first to get a Sobolev inequality to control some 
LP norm in terms of the Dirichlet form and then control the Dirichlet form of any caloric function by 
a lower moment. This sets up an iteration which leads to bound the L°° norm of the caloric function. 
In the uniform elliptic case this is rather standard and it is possible to control the j^orm by 

the norm. In our case the coefficients are neither bounded from above nor from below and we need 
to work with a weighted Sobolev inequality, which was already established in [5] by means of Holder’s 
inequality. Doing so we are able to control locally on balls the norm by means of the norm, 
with p = 2qd/[q{d — 2) + d]. In order to start the iteration we need p > 2p* which is equivalent to 
l/p-\-l/q < 2/d. This integrability assumption firstly appeared in [9] in order to extend the results of 
De Giorgi and Nash to degenerate elliptic equations, although they focus on weights belonging to the 
Muckenhaupt’s class. A similar condition was also recently exploited in |20| to obtain Aronson type 
estimates for solutions to degenerate parabolic equations. 

Following the classic proof of Moser, with some extra care due to the different exponents we get a 
parabolic Harnack inequality for solution to (|1.4p in our setting. In the uniform elliptic and bounded 
case the constant in front of the Harnack inequality was depending only on uniform bounds on a and 
A. In our setting we cannot expect that to be true for general weights, and the constant will strongly 
depend on the center and the radius of the ball, in particular we don’t have any control for small balls, 
so that a genuine Holder’s continuity result like the one of Nash is not given. Luckily in the diffusive 
limit the ergodic theorem helps to control constants and to give Theorem ll.il 

Remark 1.2. Given a speed measure 0 : D —)• (0,+oo) one can consider also the Dirichlet form 
on LP‘{W^,9'^dx) where is given by (11.21) and is the elosure of of C^([R'’*) in 

,6^dx) with respect to £^ + This corresponds to the formal generator 

L^u{x) = ■ (a‘^(x)Vu(x)). 

One can show along the same lines of the proof for 6 = A that if 

< oo, E^[A-'^] < oo, E^[APe^-P] < oo, 

where p,q,r € (1, oo] are such that 

1 1 1 r - 1 2 

- H-1- - - < 

r q p — 1 r d 

then the parabolic Harnack inequality still works, in particular a quenched local central limit theorem 
can still be derived in this situation. 

Observe that in the case 6 = A we find baek the familiar condition 1/p + 1/q < 2/d. In the case 
that 6=1, r = oo the eondition reads l/{p — 1) + l/q < 2/d. 


3 




Remark 1.3. The condition 1/p + 1/q < 2/d is morally optimal to state Theorem \1.1[ Indeed it was 
shown in U^/See Theorem 5.4j that ifl/p-\-l/q > 2/d, then there is an ergodic environment for which 
the quenched local central limit theorem does not hold. It is not hard construct an example also in the 
continuous by exploiting the same ideas given in m- 

A summary of the paper is the following. In Section 2 we present a deterministic model obtained by 
looking at a fixed realization of the environment. We derive Sobolev, Poincare and Nash inequalities 
for such a model. 

In Section 3 we prove a priori estimates, on-diagonal bounds and Holder continuity type estimates 
for caloric functions. The main aim and result of the section is the parabolic Harnack inequality. 

In section 4 we prove a local Central Limit Theorem for the deterministic model which we apply 
to finally get Theorem ll.il 


2 Deterministic Model and Local inequalities 

Since we want to prove a quenched result we will develop a collection of inequalities for a deterministic 
model. With a slight abuse of notation we will note with o(x), \{x) and A(x) the deterministic versions 
of a{TxU:), X{txOj) and A{txU}). 

We are given a symmetric matrix a : —)• such that 

(6.1) there exist A, A : —)■ K non-negative such that for almost all x € and ^ S R"^ 

A(x)|^P < {a{x)f,f) < A(x)|^p, 


(6.2) there exist p,q & [1, oo] satisfying l/p-|- 1/q < 2/d such that 


lim sup 

r^oo 


1 

1^(0,r)| 


A^ -b A dx < oo. 




Assumption (6.2) plays the role of ergodicity in the random environment model. 


( 2 . 1 ) 


We are interested in finding a priori estimates for solutions to the formal parabolic equation 

1 


dtu{t, x) - ■ (a(a:)Vn(t, x)) = 0, 

A(x) 


for t e (0, oo) and x G R"^. 

Clearly in the way it is stated (12.ip is not well defined since a is only assumed to be measurable. In 
order to make sense of m we shall exploit the Dirichlet form framework, see m for an exhaustive 
treatment on the subject. 


2.1 Caloric Functions 


For this section we will follow m- Let 0 : R'^ —)• R be a non-negative function such that 6 ^,6 are 
locally integrable on R'^. Consider the symmetric form £ on L‘^{R^,9dx) with domain C'(j°(R'^) defined 

by 


( 2 . 2 ) 


£{u,v );= 


■=E 


aij{x)diu{x)djv{x) dx. 


Then, {£, C'^(R'^)) is closable in L^(R'^, Odx) thanks to |18)[Ch. II example 3b], since A“^, A G 
by (6.2) We shall denote by (£,iF^) such a closure; it is clear that is the completion of C^(R'^) in 
L‘^{R'^,9dx) with respect to £i := £ + Observe that {£,IF^) is a strongly local regular Dirichlet 

form, having C'q“(R'^) as a core. In the case that 0 = 1 we will simply write IF. Given an open subset 
G of R'^ we will denote by IFq the closure of C^{G) in lP‘{G,9dx) with respect to £i. 
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Definition 2.1 (Caloric functions). Let / C K and G C an open set. We say that a function 
u : I ^ is a subcaloric (supercaloric) function in I x G if t ^ {u{t, •), (I))q is differentiable int^I 
for any (j) £ L‘^{G, Odx) and 

(2.3) ^{u,(j))e + £{u,(p) <0, (>) 

for all non negative cf £ Fq. We say that a function u : I ^ is a caloric function in I x G if it is 
both sub- and supercaloric. 

It is clear from the definition that if a function is subcaloric on / x G than it is caloric on I' x G' 
whenever I'd I and G' <Z G. 

Moreover, observe that if is the semigroup associated to {£,F^) on L^{G,9dx) and / £ 
if{G,Odx), for a given open set G C then the function u{t,-) = Ppff) is a caloric function 
on (0, oo) X G. To complete the picture we state the following maximum principle which appeared in 
m- For a real number a denote by a+ = a V 0. 

Lemma 2.1. Fix T £ (0, oo], a set G C IR'^ and let u : (0, T) —)• Fq be a subcaloric function in (0, T)xG 
which satisfies the boundary condition u^{t,-) £ Fq, Mt £ (0,T) and u+{t,-) —)• 0 m Lf{G,9dx) as 
t —7- 0. Then u < 0 on (0, T) x G. 

As a corollary of this lemma we have the super-mean value inequality for subcaloric functions. 

Corollary 2.2. Fix T £ (0, oo], an open set G C and f £ L‘^{G, Odx) non-negative. Let u : (0, T) —)• 
Fq be a non-negative subcaloric function on (0, T) x G such that u{t,-) f in Lf{G,9dx) as t —)• 0. 
Then for any t £ (0, T) 

u{t, ■) > P^ f, in G. 

In particular for 0 < s < t < T 

u{t, •) > P^sU{s, ■), in G. 


2.2 Sobolev inequalities 

In this section we will state local inequalities on the flat space L‘^{R'^,dx) and on the weighted space 
L^(R'^, Ada:). We are interested in Sobolev, Poincare and Nash type inequalities. The first and the 
second provide an effective tool for deriving local estimates on solutions to Elliptic and Parabolic 
degenerate partial differential equation, while the latter will be used to prove the existence of a kernel 
for the semigroup Pt associated to {£,F^) on L^(i?^, Adx). 

We shall see that the constants appearing in the inequalities are strongly dependent on averages of 
A and A and in particular on the ball where we focus our analysis. 


Notation. 

we note 


Let 5 C be a bounded set. For a function u : B ^ R, r > 1 and a weight 9 : B ^ R 


kllr, 0 :=( I \u{x)f 9 {x)dx] , \\u\\r,B ■={ J \u{x)f dx 


and 

\\u\\r,B,e-=(^j^^ J \u{x)f 9{x)dx 

In the sequel we shall use the symbol < to say that the inequality < holds up to a multiplicative 
constant depending only on the dimension d >2. 

In the next proposition it is enough to assume A £ L;^^^(R'^) and £ L^^^(R'^). The following 
constant will play an important role in the sequel. 



(2.4) 


p{q,d) 


2qd 

q{d — 2) + d’ 


5 





m\p,B 


\B\ 


observe that p is the Sobolev’s conjugate of 2q/[q + 1). 

Proposition 2.3 (Local Sobolev inequality). Fix a ball B C IR'’*. Then for all u E J-b 
(2.5) 
where Cg := 

Proof. We start proving (|2.5p for u G C^{B). Since p as defined in (12.4p is the Sobolev conjugate of 
2q/{q + 1), by the classical Sobolev’s inequality 

\\u\\p ^ W'^uhq/iq+l), 


where it is clear that we are integrating over B. By Holder’s inequality and (5.1) we can estimate the 
right hand side as follows 


g+i 

q 


l|V«ll2g/(g+l) = •‘+^dxj " < IllijA ^\\g£{u,u), 

which leads to (|2.5I) for u G C^{B) after averaging over the ball B. By approximation, the inequality 
is easily extended to u £ Bb- O 


Proposition 2.4 (Local weighted Sobolev inequality). Fix a ball B C IR'’*. Then for all u G 

n A O Pi 'll 7/1 

( 2 . 6 ) 


I l|2 < 

W\p/p*,B,A ^ \^\ 


\B\ 


being — ^\\q,B\\M\l^B^ and p* =pf{p- 1). 

Proof. The proof easily follows from Holder’s inequality 


Ip/p*,B,A — 


|2 

lp,B 


2p*/p 

p,B 


and the previous proposition. 


□ 


Remark 2.5. From these two Sobolev’s inequalities it follows that the domains Tb o.nd Bg coincide 
for all balls B C Indeed, from dMl) and (ESI), since p,p/p* > 2, we get that {Tb,£) and {F^,£) 
are two Hilbert spaces; therefore Fb,Fq coincide with their extended Dirichlet space, which by /Idl pag 
324], is the same, hence Fb = F^. 


Cutoffs. Since assumptions (5.1) and (5.2) only assure local integrability of A“^ and A, we will need 
to work with functions that are locally in F or F^ and with cutoff functions. 

Let H C R'’* be a ball, a cutoff on H is a function r] G C^{B), such that 0 < t/ < 1. Given 
0 : IR'’* —)• IR as before, we say that u G Fi^^, if for all balls R C R'’* there exists ub £ F^ such that 
u = ub almost surely on B. 


In view of these notations, for u,v £ F^^^ we define the bilinear form 


(2.7) 


£rjiu,v) = 'S^ / aij{x)diu{x)djv{x)7f‘{x) dx 


Proposition 2.6 (Local Sobolev inequality with cutoff). Fix a ball R C R'’* and a cutoff function 
p £ C^{B) as above. Then for all u £ Fj^^ U Fioc 


^ <C'f|R|3 


(2-8) lh^llp,B 4: '^s 

and, for the weighted version 

(2.9) ll^«ll?/p*,B,A<C^s’^l^l" 


£p(u,u) 


|R| 


+ ll^^llLlkll2,B,A 


£rj{u,u) 


\B\ 


+ ll^^?llLlkll2,B,A 
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Proof. We prove only (|2.8h . being f|2.9l) analogous. Take u € by Lemma [A. II in the appendix, 

rju € therefore we can apply (|2.5I) and get 

\\vufp,B ^ C§\B\^£{r]u,r]u). 

To get (12.8p we compute V{r]u) = uVr] + r]Vu and we easily estimate 

£{r]u,r]u) = / {aV{r]u),V{r]u))dx 
jR'i 

<2 / {aVu,Vu)rf‘dx + 2 / {aS/r],'S/r])\u\^dx 

jRd jRd 

< 2£rj{u,u) + 2\\Vr]\\l^\\lBu\\l^j^. 

Concatenating the two inequalities and averaging over B we get the result. □ 


2.3 Nash inequalities 

Local Nash inequalities follow as an easy corollary of the Sobolev’s inequalities (|2.5I) and (|2.6I) . 
Proposition 2.7 (Nash inequality). Let B C be a ball. Then for all u G Tb we have 

,, ,, 2 +) 


( 2 . 10 ) 

where fj, :=(f — |)~^ > 0, and 


( 2 . 11 ) 

y;/,ere7:=2^(|-i-|)-i. 


hi 


T < 


Ci\B\"^£{u,u)\\u 


2 

I ^ 


I2,A,S 


<Cg’ \B\ d £{u, 


u u 


1,A,B> 


Proof. We prove only (12.1011 being the other completely analogous. By Holder’s inequality 


\u 


\2,B < 



hi 


1-0 

1,B 


with 9 G (0,1) and 


1 

2 




Now solve for 0, use (12.51) to estimate ||ix||p,_B and the result is obtained. 


□ 


Note that the condition 1/p + 1/q < 2/d is important to have p and 7 positive, in particular 
7 > d/2, with the equality holding if p = <7 = 00. It is well known that Nash inequality (|2.1ip 
for the Dirichlet form {£,F^) implies the ultracontractivity of the semigroup P^ associated to £ on 
L‘^{B,Adx), in particular there exists a density pf{x,y) with respect to A{x)dx which satisfies 

sup pf{x,y) < 

x,y£B 


where it is once more worthy to notice that 2 /d — l/ 7 > 0 , with the equality holding for the non¬ 
degenerate situation. 

Furthermore, we have just seen that Pt is locally ultracontractive, being P^ ultracontractive for all 
balls B C IR'^. It follows by Theorem 2.12 of |14| that Pt admits a symmetric transition kernel pt{x, y) 
on ( 0 , 00) X X with respect to A{x)dx. 
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2.4 Poincare inequalities 

Let i? C be a ball. Given a weight 0 : i? —)• [0, oo], we denote by 

{u)% := j uOdx j J 9dx, 

if 0 = 1 we simply write {u)b- Moreover, for u G J^ioc we denote 

£b{u,u):= / aVu-Vudx. 

Jb 

Proposition 2.8 (Poincare inequalities). Let B C be a ball. If u £ Bioc, then 

( 2 . 12 ) \W ~ {'^)b\[2b ^ ^p\^\ £b{u-iU), 


being C^\=\\\ ^\\d/ 2 ,B, and 

(2.13) \\u - {u)UIb,a < cP^\B\"-^£b{u,u), 

being Cp’^ := || A||p^s|| \\q^B with p,q £ [1, oo] such that 1/p + 1/q = 2/d. 

Proof. For (I2.12p use Holder’s inequality for the standard Sobolev inequality [191 Theorem 1.5.2]. We 
now prove (I2.13P for u £ C°°{B), the final result can be obtained by approximation. As hrst remark, 
notice that 


11^ “ (^)bII2,B,A — “ a\\2 p ^ 

’ ’ a£R ’ ’ 

< ||A||p,b inf \\u - a\\lp. B < l|A|lj5,B||'« - {u)b\\Ip*,b- 

aSR 

We have by Theorem 1.5.2 in |19) . 

\\u- {u)b\\Ip*,b ^ l-S|^||Vu||^_£ < \\X-^\\g^B\B\^£Biu,u). 

where (5 is such that 2p*d/{d + 2p*) = (5 = 2q/{q + 1), which is true whenever 1/p + 1/q = 2/d. 
Concatenating the two inequalities leads to the result. □ 

In order to get mean value inequalities for the logarithm of caloric functions and, given that, the 
parabolic Harnack inequality, we will need a Poincare inequality with a radial cutoff. The cutoff 
function r/ : IR'^ —)• [0, oo) is supported in a ball B = B{xo, r), is a radial function, ri{x) := $(|a: — Xo|/r) 
where $ is some non-increasing, non-negative cadlag function non identically zero on (r/2,r]. 

Proposition 2.9 (Poincare inequalities with radial cutoff). Let B C be a ball of radius r > 0 and 
center xq and let rj be a cutoff as above. If u £ Tioc, then 

(2.14) \\u-{uffB\\2,B,7j^ < M^C/^\B\^£r^{u,u) 
where = <h(0)/4>(l/2), and 

(2.15) \\u-iu)p'\\2,B,Av^ < M^’^Cp^\B\"-^£,{u,u), 
where -.= M^\\A\\i,b/\\M\i,b/2- 

Proof. We give the proof only for (I2.15p being (]2.14p similar. We apply Theorem 1 in |8]. Accordingly 
we define a functional F{u,s) : L'^{R'^,Adx) x (r/2,r] —)• [0,oo] by 

F{u, s) = Cp‘”^\Bs\'^ / aVu-Vudx. 

JBs 










for u € and F{u, s) = oo otherwise, being Bg the ball of center xq and radius s G r\. 
Such functional satisfies F{u + a,s) = F{u, s) for all a € K and u G L^(R'^, Adx), moreover 


h- {u)bMIbs,a^\Bs\ ^F{u,s) 

for every s G (r/2,r] and u G F^ by the Poincare inequality (|2.13p . It follows from Theorem 1 in 
that for u G there exists M > 0, explicitly given by (||A||i^B<h(0))/(||A||i^5/2^(l/2)), such that 

pT 

ll« - ll2,B,Ar,2 ^ M\B\-^ / F(u, s)v{ds) 

Jr 12 

< MCp'^\B\~d' f f aVu ■'VulBsdx^{ds) 

Jr/2 Jb 

= MCp’^\B\^ [ rfaVu-Vudx. 

Jb 

Here '/{ds) is a non-zero positive u-finite Borel measure on (r/2,r] such that 

nr 

r]‘^{x)= lB,(a:)i/(ds) 

Jr/2 

as in |8]. Of course such an inequality is local and we can extend it for u G Fioc- D 


2.5 Remark on the constants 

In this section about inequalities, we have introduced different constants, among them Cg’^, Cp’^ 
and M^’^. Observe that they all strongly depend on the ball B, on the radius and the center as well. 
Assumption (6.2) helps us to control the behavior of the constants as the radius of the ball increases. 
For example, let us have a look at Cg’^. We have by (6.2) 


limsupC|^°’'’^’'^ = limsup ||A ^ llq,B(o,r) ^ =: C*g'^ < oo 

r—)-oo r^oo \ : j 

It is not difficult to prove that the limit doesn’t change if we consider balls centered at any x G K'^. 
Indeed it is easy to see that for r > \x\ 

I l\ / I l\ 

r — |x| W ^B{0,r-\x\),A ^ fjB(x,r),A ^ / r -|- |x| W ^B{0,r+\x\),A 

We must be a bit careful with = M'®||A||i_^/||A||i^ 5 / 2 ) since ||A||i ^^/2 appears in the denom¬ 

inator. Still, it easy to see that 

limsup ||A||"Lq. < limsup ||A”^111,B(o,r) < limsup ||A"^||g,B(o,r.) < oo, 

r^oo ’ ^ r^oo r—^oo 

from which it follows that liminfj,^oo ||■^||l,s(o,r) > 0 and in particular 

limsupA/^l°’'’l’^ =: M*’^ < oo. 

r^oo 

Again, it is not hard to show that the limit does not change if we consider balls centered at any x G K'^. 


Remark 2.10. Assumption (6.2) implies in particular that given 6 > 0 for each x G R'’* there exists 
s{x,6) such that 

^B{x,r),A 6)C*g’^, < (1 + < (1 + 5)C*j/^ 

for all r > s{x, 6). 
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3 Estimates for caloric functions 


3.1 Mean value inequalities for subcaloric functions 


To avoid the same type of technical problems which we faced in |5l section 2.3], we shall assume 
that our positive subcaloric functions u are locally bounded. It turns out that any positive subcaloric 
function is locally bounded; this can be proved repeating the argument below with some additional 
technicalities similar to what we did in the proof of [5] [Proposition 2.4]. 

Proposition 3.1. Consider I = C R and a ball B C R*^. Let u be a locally bounded positive 

subcaloric function in Q = I x B. Take cutoffs r] G C^{B), 0 < r/ < 1 and : R —)• [0,1], ^ = 0 on 
(—oo,fi]. Set V = 2 — 2p*/p. Then for all a > 1 


(3.1) 




, , 2 
\B\ d 


1^1 


«(IIC'l|oo + ||Vr?|| 


U,2a||i3 

P lll,7xB,A- 


Proof. Since nt > 0 is locally bounded, the power function T : R —)• R defined by F{x) = with 
a > 1 satisfies the assumptions of Lemma lA.31 Thus, for rj E C^{B) as above we have 


d 

dt 


{ut,r]^)A + 2a£{ut,u^ r])<0, tel. 


(3.2) 

We can estimate 

= 2 J {aVut,Vri) dx + {2a — 1) j Vut) dx 


> 


2a - 1 


a^ 


^ - 2||V7?|U i/2||^^^2a||l/2^ 

a 


by means of Young’s inequality 2ab < (ea^ + 6^/e) with a = Tr,(n“, and b = ||Vr/||oo||lB'u^“||}(\ 

and for e = l/2a, we get exploiting that a > 1 




Going back to 


we have 


^ll(«fd) lli,A < 4a||Vr/||^||lBn “||i,a 

We now take a smooth cutoff in time ^ : R —>• [0,1], C = 0 on (—oo, b], where I = {ti,t 2 ). We multiply 
the inequality above by f and integrate in time. This yields 


m\\Kd)%,A + 


j C{s)£rj{uf, 

Jti 


Us) ds < 4a IlC'lloo + 


W^dWl] f 

^ J u 


\IbuI°'\\ia ds, 


after averaging and taking the supremum for t e I we get 


(3.3) 


supC{t)\\{riuf) ||i,B,A+ / C('S) 

JI 


T^«,0 


\B\ 


ds < 


a 


IIC^Iloo + 


llVr/IlL]^ 


ul°'\\iR.A ds. 


We use (]3.3I) together with (12.9p to get (13.ip . Observe that n = 2 — 2p* jp is greater than one, since 
p > 2p* by the condition 1/p + 1/q < 2/d. Using Holder’s inequality and some easy manipulation 

\\{Vu'f)Yu,B,A < \\riunl/p*,B,A\\iV<)X:B]A^ 

we can then integrate this inequality against C{s)’^ over I and obtain 

< (^supC(s)||(??0^||i,s,a) ^^C(s)h<llp/p*,B,A^S- 
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In view of the Sobolev inequality (12.91) we have 






g^«,o 

\B\ 


+ l|Vr/||^||uf||i,B,A 


by 


we can bound each of the two factors. We end up with the following iterative step 




\B\^ 




«(IIC'l|oc + ||Vr?|| 


P lll,7xB,A) 


which is what we wanted to prove. 


□ 


The main idea is to use Moser’s iteration technique on a sequence of parabolic balls; Proposition 
13.11 with suitable choice of the cutoffs and of the parameter a is the iteration step. Fix a parameter 
r > 0, let x G and r > 0. Consider also a parameter 5 G (0,1). Then we define the parabolic balls 

Q(r, s,r) = Q = {s — rr^, s) x B(x, r) 

Qs = (s — Srr^, s) x B(x, dr) 


Clearly C Q for all <5 G (0,1). 

Theorem 3.2. Fix r > 0 and let \l‘l < a' < a < 1. Assume that 1/p + l/q < 2/d and let ut he a 
positive subcaloric function on Q = Q{T,x,s,r). Then there exists a positive constant Ci := Ci{d,p,q) 
such that 

(3.4) sup u{t,z) < Cl 21^-2 r 2 

Qit> 

where v = 2 — 2p*/p. 

Proof. We want to apply (13.ip with a suitable sequence of cutoffs and (/k- Set 

ak = a'+ 2~’^{a - a'), 4 = 2“^“^(cr - a') 


1 + r 


-1 


(cj — (T')2 


\U\\2,Q^,A^ 


then cjfc — = dfc, then consider a cutoff % : —)• [0,1], such that suppr/^ C B{akr) and 77 ^ = 1 on 

moreover assume that ||V? 7 ||oo < 2/(r(ffc). Take also a cutoff in time ; IR —)• [0,1], = 1 

on = {s - (Jfc+irr2,s), 4 = 0 on (- 00 , s - o-^rr^) and ||C'||oo < 2/(r2r4). Let Ofc = with 

V = 2 — 2p*/p as above. Then, an application of (13.ID and using the fact that yields 

-afc(l+ r-i) 22 ^i^^'l 


\u 


S,A L/— 1 


|2a,+i,Q,,^^,A < < c{d)Cg' T 


(cJ — (T')2 


|'W||2«fe,Q<,,,A- 


where we used the fact that a^/ak+i < 2, and that G [1/2,1]. This is the starting point for Moser’s 
iteration. Iterating the inequality from i = 0 up to A: we get at the price of a constant Ci > 0 which 
depends on p, q and the dimension 


||^i||2«fc,Q,,,A < Cl(Cg’^)2--2r2 


1 + r-i 
(a — fj')^ 


Pl|2,Qa,A- 


where we exploited the fact that 1 /*^* = 1 ) that Yl'S=o < o®- From the inequality 

above we easily get, taking Ci larger if needed. 


u 




1 1 
\ 2 i 2-2 7- 2 


1 + T 


-1 


(cj — (T')2 


l'*r||2,Q<,,A- 


and taking the limit as A: —)• 00 gives the result 

sup U{t,z) < Cl{Cg’^) 2‘'-2 T2 

Qa' 

□ 


1 + r-i 
(cj — Cj')2 


Fl|2,g,,A- 
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Corollary 3.3. Fix r > 0 and let 1/2 < a' < a < 1. Assume that 1/p + 1/q < 2/d and let u be a 
subcaloric function in Q = Q{T,x,s,r). Then there exists a positive constant C 2 '■= C 2 {q,p,d) which 
depends only on the dimension and on p, q such that for all a > 0 


(3.5) 


supu{t, z) < C' 22^‘'-1 
Qa' 


1 + r-i 
(cr — a')^ 


\a,QcrAl 


Proof. To prove f|3.5p one can follow the same approach in |19| [Theorem 2.2.3] with the only difference 
that we will consider parabolic balls instead of balls. Observe that for a > 2 this is just an 
application of Jensen’s inequality. □ 

Observe that (]3.5I) is not good for the application of Bombieri-Giusti’s lemma (jB.ip since 2“^^ is 
exploding as a approaches zero. To get rid of this problem we develop in the next section the same 
type of inequalities for supercaloric functions. 

Theorem 13.21 can be also applied to obtain a global on-diagonal heat kernel upper bound, as it is 
done in the next proposition. 


Proposition 3.4. Let f E Adx), and assume that (6.1) and (6.2) are satisfied, then there exists 

a constant C 3 = C 2 ,{q,p, d, C^’^) > 0 such that for all x G K'’* and t > 0 the following inequality holds 


Ptf{x)<C 2 .t ^(s( 0 , 1 ) + |x|+ \/t)^ [ (s( 0 , 1 ) + |y| + Vt)"^ '^^^\f{y)\A{y)dy. 

jRd 

where 7 was defined in \2.11\ and s{x,6) was defined in Section \2 .,51 

Proof. Assume that r G (0, 2], x = 0 and r > 0, s = rr^, cr = 1 and a' = 1/2. It follows that 

Qi = (0, rr^) X B{0, r), Q 1/2 = Tr‘^{l/2, 1) x B{0, r/2). 

We chose r = s(0,1) + 2\z\ + y/t where s(0,1) was defined in Section [231 In this way < 2C*g^ 
and we can read inequality (13.4p for u{s,z) := Psf{z) as follows 

- 7/2 

sup Psf{z) < c{C*g’^)'^P^j^\\f\\ 2 ,A, 

Qi/2 ^ 

with c = c{p, q, d) changing throughout the proof. By definition of r we find r G (0,2] such that 
3/4Tr^ = t, and in particular {t,z) G Qi/ 2 - This gives 

Ptf{z) < ct-P\s{D, 1) + |z| + V~tr-'^/^\\fh,A. 

and this holds for all z G and f > 0. Set bt{z) = (s(0,1) + \z\ + yft')'^~^P. It follows that 

\\hf^Pif\\o.<ct-^'\fh,A. 

from which we deduce that || 6 j~^Pt|| 2 ^cxd < ct~'^P. And by duality we get ||Pi 6 ^^||i ^2 ^ ct~'^P. Hence 

||Pt/|| 2 ,A<ct-^/'|| 6 i/||i,A 


Now it is left to use the semigroup property and standard techniques to finally get the bound. □ 

It is now standard to get global on-diagonal estimates for the kernel pt{x,y) of the semigroup Pt 
associated to {£,P^) on , Adx). Namely we obtain that for almost all x,y GR’^ and for all f > 0 

(3.6) pt{x, y) < C' 3 f"'^(s( 0 ,1) |x| -h \/f)'^"'^/^(s(0,1) -h \y\ + 
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3.2 Mean value inequalities for supercaloric functions 

Theorem 3.5. Fix r > 0 and let 1/2 < a' < a < 1. Assume that 1/p + 1/q < 2/d and let 
Ut be a positive supercaloric function of on Q = Q{T,x,s,r). Then there exists a positive constant 
(74 := C 4 {p,q,d) which depends only on the dimension and onp,q such that for all a G ( 0 , oo) 

(3.7) snpu{t,z)~°‘ < 

Qa> 

where v = 2 — 2 p*/p. 


1 + r-i 
(cr — a'Y 


II" 

1^ IIq:,Qo-,A- 


Proof. We can always assume that u > e by considering the supersolution u + e and then sending e to 
zero at the end of the argument. Applying Lemma lA.31 with the function F{x) := —\x\~^ and /? > 0 
we get 

+ P,ut) > 0 

which after some manipulation gives 


/L 

dt 


w 



1,A 




-4 


aVr/ • V(u^ ^^‘^dx > 0 


by means of Young’s inequality 4a6 < 3a^ + 21?/“i and using the simple fact that (/? + l)//3 > 1 we get 
after averaging 


_d 

dt 


^lli.B.A + 


Frp (U- 


- 0/2 ^- 0/2 


,Ut 


B 


< 


\\Vv\\ 


u 


-h\ 


1,B,A 


We now integrate against a time cutoff C : IR [0,1] to obtain something similar to (|3.3I) . Hence the 
same approach as in Proposition 13.11 applies and we get 


WCv'^U ~ Cg 


B.A 


|H|i 


1^1 


IIC'l|oo + ||V7?|| 


I -0\\i^ 

P lll,7xB,A' 


Moser’s iteration technique with fdk = and a > 0 and the same argument of Theorem 13.21 will 
finally give 


sup u{t,z) " < 

Qtr' 


1 + r 


-1 


(cr — (t'Y 


II" 

1“ lla,Q,T,A- 


□ 


We introduce the following parabolic ball. Given x G R'’*, 


r, r > 0 and s G R, <5 G (0,1), we note 


Q's = 'Sj r) = (s - rr^, s - (1 - (f)rr^) x B{x, 6 r). 


Theorem 3.6. Fix r > 0 and let 1/2 < cr' < cr < 1. Assume that 1/p + 1/q < 2/d and let u be 
a positive supercaloric function on Q = Q{T,x,s,r). Fix 0 < aQ < 12 . Then there exists a positive 
constant C 5 ;= C?q,p,d,aQ) which depends only on the dimension, onp,q and on uq such that for all 
0 < a < we have 


(3.8) 


u 


oio,Q' ,,A 


< < (75t( 1 + r ^)^-i 


'lycf^' 

*1 

1 

to 

1 


1 / (l+u){l/a—l/ao) 


FlIa.QGA 


where v = 2 — 2 p*/p. 
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Proof. Assume u is supercaloric on Q = I X B. Applying Lemma lA.31 with the function F{x) := \x\^ 
with /3 e ( 0 , 1 ) we get 


dt 

which after some manipulation gives 




+ + 4 J aVr]-V{u^^\u^^‘^dx>0 

Note that (/3 — 1) is negative. If we take 0 < /3 < aoi'~^ then we have 

1-/3 


(3 


> 1 — (3 > 1 — a^/v =: e, 


this yields after Young’s inequality 


Y| 

dt 




where A is a constant possibly depending on q, p, oq and d which will be changing throughout the proof. 
Here we introduce a difference, the time cutoff ^ : K —)■ [0,1], C = 0 on (t 2 ,oo], where I = (ti,t 2 )) is 
zero at the top of the time interval and not at the bottom. This gives after integrating, 


C(i)lh^wf||i,A+ / C{s)£n{u^^‘^,u^^'^)ds < aIwC'Woo + W'^vWIo] [ Ills 

Jt ^ Jt 


jW^||l,A 


which has the same flavor of (|3.3I) . Starting from this inequality, and repeating the argument we used 
for subcaloric functions, we end up with 


(3.9) 


■,S,A 


IIC^^^^^IIy,/xS,A ^ |j| 


B\i 


1 -u 


IIC'l|oo + ||Vr?|| 


I Fii' 

F lll,/xS,A' 


We use now the same iteration argument in Theorem 2.2.5 of |19| . Namely define ai = aoi'~^. Fix 
i > 0 and apply (|3.9I) with (3j = and j = 1,..., i, then clearly 0 < (3j < moreover set 

(To = cr, (Tj — (Tj_|_i = 2“l“^(cj —fj'), and fix the usual cutoffs [0,1], such that suppry^ C B{ahr) 

and ryfc = 1 on B{ak+ir) and ||Vry||oo < 2/(r(ifc). Take also a cutoff in time C : IR ^ [0,1]) Cfc = 1 on 
^fc+i = (s - Tr‘^,s- (1 - crfc+i)rr2), 4 = Q on (s - (1 - ak)Tr‘^,oo) and ||C'||oo < 2/{r‘^T6k). Then we 
have for all j = 1,..., / 




(1 + r -^)221 


(cr — cr')2 


which after an iteration from j = 1 to j = i gives 

■(1 + t"^)220 -^) 


u 




|“0 


< ACc’^r^"^ 


{a — a'Y 


Y^i-l k 


11 ^ 

P lll,QJ,,A- 


Now observe that 


2—1 


2-1 


'^{i-k)v^ <C{v){aQ/ai-l), ^ z/* 


F — 1 ao/tti — 1 


v-l 


k =0 k =0 

where C{v) does not depend on i. This yields the following inequality 

v \ llcti — llao 


v-l 


\ao,Q‘ 


„A < \ At{1 + t 


A VCg’^' 

-1 

1 

to 

i 


I -iQa")^ 
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where the constant A depends only on ao,q,p and the dimension d > 2 and can be taken greater 
than one. Finally we extend the inequality for a € (0, Let i > 2 be an integer such that 

ai < a < ai-i, then we have l/ccj — 1/ao < (l + i^)(l/a — 1/ao) by means of Jensen’s inequality 
we get 


\u\ 



*1 

{a — (t')2 

1 


,„o,q;„a < |^T(l + r j 

which is what we wanted to prove. □ 

3.3 Mean value inequalities for log Ut 

In this section we get mean value inequalities for log Ut where ut is a positive supercaloric function on 
Q = {s — Tr"^, s) X B{x, r), with r > 0 fixed. We denote by := Adx and by 7 "^ := dt x m^. 

Theorem 3.7. Fix r > 0 and k £ (0,1), 6 £ [1/2,1). For any s £ IR and r > 0 and any positive 
supercaloric function u on Q = {s — rr^, s) X B{x, r), there exist a positive constant Cq := CQ{q,p, d, J) 
and a constant k := k{u, k) > 0 such that 


(3.10) 
and 

(3.11) 


7 {(t, z) £ K~^ I log tit < —i — k} < Cq m^{B) 


M 


BA 


B|i(Cp’^ Vr^) 


7 ^{(t,z) ^K-\\ogut> i-k] < C6m^(5)[M^’^|B|i(C'p’^ Vr^) 


where K~^ = {s — nrr'^, s) x B{x, 6 r) and K = (s — rr^, s — Krr^) x B{x, 6 r). 


e-i 


Proof. We follow closely the strategy adopted in Theorem 5.4.1 of |19| . We can always assume ut > e 
and then send e to zero in our estimates, since Ut + e is still a supercaloric function. We denote as 
usual B := B{x,r). By Lemma lA.31 

d f 

( 3 . 12 ) — log Ut) A < = -Sj^{logut,logut) + 2 {aVr},Vut)r]uf^dx 


< - 


£n (log Ut , log Ut) + 2£rj (log , log tt*)^/^ || Vr?|| 00 1| 1b || 


1 


<--£rj(log Ut, log Ut) + 2m {B)\\Vr]\\ 


2 

00 


in the last inequality we exploit Young’s inequality 2ab < {\/2o? + 26^). The cutoff function r\ must 
be on the form used in (12.1511 . We take 

r]{z) : = (1 — \x — ^|/r) + 

where x, r are the center and the radius of the ball B. We note 

wt{z)-.= -logut{z), Wt'-={wt)^^ 

then (j2.15p reads 


\B\ 




II72AII: 


A^B,A,^,^£{wt,Wt) 


rewriting (13.121) we get 


a,Wt + < llv^ll 


m^{B) 

WWi 

since (1 — 6)‘^m^{B{x,5r)) < || 7 ^A||i < m^{B) and jlVr/jj^ < \B\~d we can write 
(3.13) 


-1 


dtWt+(m^{B)M^'^Cp^^\B\d] I \wt - Adx < cM^’^^\B\-^ 

ISB 
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for some constant c > 0 depending only on the dimension and 5. Observe that we fixed 5 £ [1/2,1) to 
stay away from the boundary of B, that for very large radius and Cp’^ are basically constants 

and that m^{B) is the volume of a ball in Ada;); hence what we have above resembles closely 

what is given in |19| . Let us introduce the following auxiliary functions 

wt :=wt - cM^’^\B\-^t - s'), Wt :=Wt - cM^’^\B\-^t - s'), 


where s' = s — . We can now rewrite f|3.13p as 




-1 


I5B 


(3.14) dtWt + (rn^{B)M^'^Cp 

Now set k{u, k) := Wg' and define the two sets 

(£) '■={z £ B(x, Sr) | u}(t, z) > k + f\. 


\wt — WtP Adx < 0. 


(^) ^ B{x, Sr) I w{t, z) < k — €\. 

since dtWt < 0 we have that, for t > s', wt — Wt > I + k{u) — Wt > i on (i). Using this in f|3.14p 
we obtain 

(3.15) dtWt + (m^{B)M^’^Cp’^\B\^y^\e + k-Wt\‘^m^{D+{£)) <0. 
or equivalently 

(3.16) - (m^{B)M^’^Cp'^\Bydt\i + k-Wt\-^ >m^{D+{i)). 

Integrating from s' to s yields, for = dt x m^, 

J^{{t,z) £ K+\w{t,z) >k + £}< m^{B)(^M^’^Cp'^\By£-^ 

going back to — logrtt = tvt + cM^’'^\B\~d[t — s') we can rewrite 

7^{(t,z) £ K+\ logut + cM^’^\B\-^t-s') <-k - £} < m'^(.B) 

Finally, 


'y^{{t, z) £ AT'*' I log ut < —k{u) — £] 


<l^{{t,z) £ A:+| \ogut + cM^’^\B\-i{t - s') < -k-£/2 } 
+ -i^{{t,z) e K+ \ cM^'^\B\--d{t - s') >£/2] 

<m^{B)yd^'^Cp'^\B\y£-^+m^{B)yM^'^\By£-^ 


< 


m^{B) 


M 


B,A 


S|i(Cp’^ Vr^) 


0-1 


where in the second but last step we used Markov’s inequality and the fact that k < 1. Working with 
D^{£) and K~ and using similar arguments proves the second inequality. □ 


3.4 Parabolic Harnack’s inequality 

We have all the tools to apply Lemma IB.II effectively to a positive function u which is caloric in the 
parabolic ball Q{t, s,x,r) = (s — Tr^,s) x B(x,r). This will finally gives us the parabolic Harnack’s 
inequality. Fix S £ (0,1) and r > 0. For x £ K'’* and s £ K and r > 0 denote 

(3.17) Q- = (s — (3 + S)Tr^j4, s — (3 — S)Tr^/4) x SB, 

Q'_ = {s — rr^, s — (3 — S)Tr‘^/4) x SB, 

Qp = (s — (1 + (5)rr^/4, s) x SB. 

Then we have the following. 
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Theorem 3.8. Fix r > 0 and 5 £ [1/2,1). Fix oq G (0; Let u be any positive caloric function on 
Q = {s — rr^, s) x B{x, r). Then we have 

(3-18) ^ C'7infw(i,2:) 

Q+ 

where the constant C 7 depends increasingly on Cg’^,Cp’^,M^’^, and on T,p,q,aQ,d,5. 

Proof. For the proof we follow closely |19| [Theorem 5.4.2]. Take k := k(u, k) corresponding to k = 1/2 
in Theorem 13.71 Set v = e^u and 

U = {s — rr^, s — l/2rr^) x B{x, r), Ua = {s — rr^, s — (3 — cj)rr^/4) x B{x, ar) 

By Theorem 13.61 it follows that 


\v\\ao,U,,,k^ {LLbT{l + T )‘'-l 


'IV Cg’^' 

*1 

{a — a'Y 

1 


\v\\a,UaA 


for all 1/2 < a' < a < 1 and all a £ (0, ^)) hi particular notice that uqv ^ > cxq/2 and that 

ao/2 < z^/2 < 1 since v £ (1,2). By Theorem 13.71 we have that 


0-1 


l^{{t,z) £[/[ logi;>^}<C'6 7^(17)r-^[M^’'^(Cp’^Vr2) 

Bombieri-Giusti’s Lemma iB.ll is applicable and we obtain 

l|e^“llao,Q'_,A ^ CpQ 

where depends increasingly on Co’^, Cp’^, and on r, p, q, aQ,d. On the other hand we can 


now fix 


1/ = (s — l/2rr^, s) x B{x, r), 14- = (s — (1 + cr)rr^/4, s) x B{x, ar) 


and apply Theorem 13.51 to 1 ; = e ^ where k is the same constant as above, this produces 


sup v{t,z) < < C 4 {Cq’^)''-^T 
v„, 


'l + T-l' 

^1 

1 - 

1 

to 

1 _ 

i 




for all a > 0 and 1/2 < a' < a < 1. Since by Theorem 13.71 we have 

7'^{(t, z) £ 1/ I log u > .^} < Ce 7 ^(l^)r-^ V r^)] r\ 

then Bombieri-Giusti’s lemma is applicable and yields 

supe“'"M"^ < Cfc 
Q+ 

for some C^q which we can assume to be the same as before taking the maximum of the two. 
Putting the two inequalities together gives the result. 


□ 


Theorem 3.9 (Parabolic Harnack inequality). Fix r > 0 and 5 £ [1/2,1). Let u be any positive caloric 
function in Q = {s — rr^, s) x B{x, r). Then we have 

(3.19) suptt(t, 2 ;) < inf u{t, z) 

Q- Q+ 

where the constant depends increasingly on Cg’^,Cp’^,M^’^, and on T,p,q,d,d. 

Proof. It follows from the previous theorem for positive supercaloric functions and Corollary 13.31 □ 
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We have to remark that the constant appearing in (|3.19p it is strongly dependent on the ball B we 
are considering, in particular depends on its center and its radius. We use here the power of assumption 


(6.2) to get rid of this dependence for balls which are large enough as it was discussed in Section [2.51 
Indeed for all x € IR'^ we can find s(x, 1) > 1 such that < 2C*^^ for all B{x, r) with r > s(x, 1). 


Theorem 3.10 (Holder continuity). Let x G and s(x, 1) > 1 as above. Let r > s(x, 1) and y/t > r. 
Define to := t + 1 and vq '■= \/to- If u is a positive caloric function on (0, to) B{x,ro) then for all 
z,y G B{x,r) we have 


(3.20) u{t, z) — u{t,y) < c (sup u 

\VtJ [3to/4,to]xS(a:,VIo/2) 

where 9,c are constants which depends only on . 

Proof. Set Tfc := 2~^ro and let 

Qk ■={to - rlfio) X B{x, rfc), 

let and Q'^ be accordingly defined as in f|3.17p with 6 = 1/2 and r = 1, 

Qk ■=iQ - 7/8r-fc, to - 5/8rfc) x B{x, l/2rk), :=(to - l/dr^, to) x B{x, l/2rk). 


Notice that Qk+i C Qk and actually Qk+i = Q^- We set 

u- infgj^ u 
supQj^ u - u 

clearly Vk is a caloric on Qk, in particular 0 < < 1 and 


osc(?;fc, Qk) := sup Vk - inf Vk = I 
Qk Qk 


this implies that replacing Vk by 1 — Vk if necessary supg- Vk > 1/2. Now for all k such that > s{x, 1) 
we can apply the parabolic Harnack inequality and get 


^ < sup Vk < 2C*fi^ 


inf Vk 

Qt 


since Q'^ = Qk+i we have that 

osc(n,Qfc+i) 


supQ,+, u - infg.^j 


osc{u,Qk) 


■ osc{u,Qk) 


_ ( SUPQ 


fc+1 


u — inf, 


Qk 


u 


V osc{u,Qk) 


- inf Vk ) osc{u,Qk) 
Qk+1 


this yields osc(ri, Q^+i) < (1 — 6)osc(ri, Q^) with 6 ^ = 4C^^. We can now iterate the inequality up 
to ko such that Vk^ > r > VkQ+i and get 


osc{u,Qko) < Q - ^osc{u,Q^) 


Finally since B{x,r) C B{x,rkQ) and t £ {to — r\^,to) the claim is proved. □ 

Starting from (|3.20p and knowing that pt{z, •) is caloric on the whole for almost all 2 ; G we 

get the following corollary. 
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Corollary 3.11. Let x € and s{x, 1) > 1 as above. Let r > s(x, 1) > 1 and y/i > r. Then we have 
that for almost all o € 


(3.21) 


sup \pt{o,z) -pt{o,y)\ <c 

z,y£B(x,r) 



e 

t-d/2 


where 9,c are positive constants which depends only on C*rj^. 


Proof. We have just to bound the right hand side of (|3.20l) . Define to = ^ + 1 in the previous 
theorem. By the Harnack’s inequality applied to the caloric function pt{o, •) we have 


sup Ps{o,u) 


[3to/4,to] X B{x,^/t^/2) 


■*,A 


< 2 Cfj 


inf Psio,u) 

[3/2to,7/4to]xB{x,y/tE/2) 

\B{x,Vro/2)\\\A\\ 

l,B{x,^/2) 


-1 


I B{x,y%/2) 


Piio, n)A(tt) du 


where t G [3/2to, 7/4to]. 

Clearly du < 1. For > r > s{ x, 1), we can bound ||A|| 1,5(3;,yi^/2) by 

a constant which does not depend on x or to by assumption (f).2) hence we finally get the desired 
bound. □ 


We want to stress that Corollary (|3.1ip is not a true Holder continuity result, since we cannot 
bound the variations for arbitrarily small balls, and indeed it is not even possible to prove continuity of 
the density with this technique. We are interested in finding Holder’s continuity bounds for Ptje^io, -/e) 
for almost all x G R'^, uniformly for e small. In order to do that we need the following assumption, 
which accounts for a control of moving averages. 


(6.3) there exist p,q G [1, 00 ] satisfying 1/p + 1/q < 2/d such that for all r > 0 and x G R'^ 

1 r 


sup limsup- , 

e^O |73(a;/e, r/e)| J B{x/e,r/e) 


A^ + A dx < 00 . 


It is clear that (6.3) implies (6.2) choosing x = 0. Given assumption (6.3) it is not surprising that the 
following holds true. 

Lemma 3.12. Fix r > 0, \/t > r, X G R'^ and s{ X, 1) > 1 as above. Let e > 0 such that r/e > s(x, 1), 
then we have that for almost all o G R'’* 

/ \6 

(3.22) sup e~‘^\pt/^ 2 {o,z/e) - pt/^ 2 {o,y/e)\ < c( ^ 

z^y^B{x,r) \V^/ 

where 9,c are positive constants which depends only on . 

Proof. The proof is the same as in Theorem 13. 101 since given a caloric function u{t, x), then u{t/e^,x/e) 
is caloric with respect to the Dirichlet form with coefficients given by a(x/e). Assumption (6.3) is used 
to have uniform constants for moving averages. □ 

From the Holder continuity estimates (|3.22p we get 

Lemma 3.13. For almost all o G R'^ and all r > 0 


lim limsup sup supe '^\p{t/e‘^,o,x/e) — p{t/e‘^,o,y/e)\ = 0 

ro —>0 £—>0 x,y£B{o,r) tdl 

\x-y\<ro 
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Proof. Let us denote by ti := inf I. Fix 5 > 0 and set 


ro : = 



(^) 


1/9 


Vh- 


Since B{o,r) is compact we can cover it by a finite set of balls {B{x,rQ/2)}x£X of radius ro/2 and 
centers x £ X. We can now find e > 0 such that for all e < e we have ro/e > m.crx.x^x s{x, 1). Now an 
application of (|3.22p gives 


sup sup supe~'^\p{t/e‘^,o,x/e)-p{t/e‘^,o,y/e)\ < c(-^] <-. 

\x—y\<ro Vv^l/ ^ 

Next we can use this bound to conclude, take z £ B{o,r), and take x £ X such that jz — a;| < ro/2, 
then 


sup supe '^|p(t/e^o,2:/e)-p(t/e^o,y/e)| 

\z-y\<ro/‘2 tel 

< sup sup e“'^|p(t/e^, o, x/e) — p(t/e^, o, z/e)| 

l^:—iE|<ro 

+ sup supe“‘^|p(t/€^,0,x/e)-p(t/e^,o,y/e)l < (f 

\y—x\<ro tGl 

and this ends the proof since we showed that the bound is uniform in z £ B{o,r). □ 


4 Local Central Limit Theorem 

We finally give the main application of the computations we have developed in the preceding sections. 
The approach we exploit is the one in [6j, in particular their Assumption (4) must be compared with 
our inequality (I3.2nn . 

We denote by kf{x), x G IR*^ the gaussian kernel with covariance matrix S, namely 


kf{x) := 

We need here two further assumptions 
(6.4) for almost all x G IR'^ and all r > 0 


1 


{2'KtY det S 


exp 


X • S ^x 
2t 


lim 


|5(x/e,r/e)| JB{x/e,r/e) 


A dx =: a\ < oo. 


(6.5) there exists a positive define symmetric matrix S such that for almost all o £ for any compact 
interval I C (0, oo), almost all x G IR'^ and r > 0 


Pt/e 2 {o,y/e)A{y/e)dy^ kf{y)dy 

^^0 e'* JB{x,r) JB(x,r) 


uniformly in t G I. 


Theorem 4.1. Fix a compact interval I C (0, oo) and r > 0. Assume (6.1) (6.5), then for almost all 
o G IR'^ and for all r > 0 

lim sup sup |e“‘^p(t/e^, o, x/e) — (x)| = 0. 

^^0xes(o,r) tel 
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Proof. The proof presented here is a slight variation of the one in [6] due to the fact that we work on 
IR'^ rather than on graphs. For x G B{o,r) and rg > 0 denote 


:= 4 / Pt/e 2 {o,y/e)A{y/e)dy- [ kt{y) 
^ JB{x,ro) JB(x.rn) 


dy 


B{x,ro) 


where kt := kf from assumption (6.5) is the gaussian kernel with covariance matrix S. Then we can 
split J{t,e) = + J 2 {t,e) + J 3 {t,e) + J 4 .{t,e) 


Ji{t,e):= [ \p{t/e‘^,o,y)-p‘^{t/e^,o,x/e)]A{y)dy 

J^B{x,ro) 

J 2 it,e):= / A{y)dy p{t/,o,x/e) - e'^af^kt{x) 

J-B(x.rn) 


J 3 {t,e) := kt{x) 




jB{x,ro) 


A{y)dy - \B{x,ro)\ 


J 4 (t,e):=/ {kt{x)-kt{y))dy. 
J Bix.rn) 


' B{x,ro) 

Fix (5 > 0. Thanks to Lemma [3.131 and by the continuity of kt we can chose tq € (0,1) and e > 0 small 
such that for all e < e 


(4.1) 


sup sup ^\p{t/e^,o,y/e)-p{t/e^,o,x/e)\<5, 

x,y&B(o,r+l) tGl ^ 

\x-y\<ro 


and 


(4.2) 


sup sup \kt{y) - kt{x)\ < S. 

fc,yE-B(0,r+l) iE/ 

\x-y\<ro 


We can now easily bound supjg/| J 4 (t, e)| < 5\B{x,ro)\. Furthermore, by assumption (6.4) taking 
e smaller if needed we get sup^gj | J 3 (t, e)| < (5|il(x,ro)| for all e < e. Exploiting (14.ip we have a 
control on Ji. Namely sup^g/| Ji(t,e)| < 6 \B{x,rQ)\. Finally by assumption (6.5) we have also that 
suptg/ |J(t,e)| < 6 \B{x,ro)\. 

These estimates can be then used to control \ J 2 {t, e)| for e < e uniformly in t G /. Namely one gets 


sup|e '^p{t/e'^,o,x/e) — a^^kt{x)\ <4(5[ 

t&i V 


\B{x,ro)\ JlBix,ro) 


A{y)dy 


-1 


and we can take e even smaller to have by means of assumption (6.4) 

fd r 

A{y)dy] <{6 + aA). 


\B{x,rQ)\ JlB{x,ro) 


This gives for almost all x G 


lim sup |e '^p(t/e^, o^xje) — Oa ^kAxf = 0. 

^^0 fgj 

Consider now r > 0 and <5 > 0, and let tq G (0,1) be chosen as before. Since B{o,r) is compact there 
exists a finite covering {B(z,rQ)}z£x of B(o,r) with X C B{o,r). Since X is hnite, there exists e > 0 
such that for all e < e 

sup sup |e“'^p(t/e^, o, z/e) — a'f^^kt^z)] < 6 

zGX t&i 
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Next if X G B{o, r) then x G B{z, tq) for some z ^ X and we can write 


a^^ktix)\ <supe '^\p{t/e^,o,x/€) - p{t/e^,o, z/e)\ 
tel 

+ sup o, z/e) - a~^^ktiz)\ 

tel 

+ aX^ sup \kt{x) - kt{z)\. 
tel 

Since x,z € B(o,r + 1) and \x — z\ < tq, inequality (14.21) implies that the last addendum is bounded 
by h, the second term is also bounded uniformly by 5 since z ^ X. We can finally bound the first term 
uniformly by <5 by means of (14.11) . This ends the proof. □ 


sup|e o, x/e)— 

tel 


4.1 Application to Diffusions in Random Environment 

In this section we finally apply Theorem 14.11 to obtain Theorem 11.11 


Proof of Theorem M.R It is enough to show that assumptions (6.1) (6.5) are satisfied for /r-almost all 
realizations of the environment, then Theorem [Q gives the result. 

By construction (a.l) implies (6.1) for /r-almost all cj G fl. Assumption (a. 2) together with the 
ergodic theorem m Theorem 11.18] gives easily [(6. 2)||(6.4)|/r-almost surely. Finally [(6.5)[for /r-almost 


all cj G n follows directly from (a.3) 


The second part of the statement follows easily since, if we assume that A“(-)“^, A‘^(-) G T^^(IR'^) 
for //-almost all cj G 11, Theorem 14.11 holds for all o G IR*^, //-almost surely. Indeed, the density pf{x,y) 
is a continuous function of x and y by classical results in PDF theory |12) . □ 


A Dirichlet Forms 

Let A be a locally compact metric separable space, and m a positive Radon measure on X such that 
supp[A] = m. Consider the Hilbert space Lp‘{X,m) with scalar product (•,•). We call a symmetric 
form, a non-negative definite bilinear form E dehned on a dense subset T’(T) C L?‘{X,m). Given a 
symmetric form (E,'D{E)) on L^(A, m), the form E^'.= E + defines a new symmetric form on 

Lf[X,m) for each /3 > 0. Note that T>{E) is a pre-Hilbert space with inner product Ep. If 'Zl(T) is 
complete with respect to Ep, then E is said to be closed. 

A closed symmetric form {E,'D{E)) on Lf{X, m) is called a Dirichlet form if it is Markovian, namely 
if for any given u G D{E), then x = (0 V //) A 1 belongs to D{E) and E{v, v) < E{u, u). 

We say that the Dirichlet form [E,D{E)) on Lp‘{X,m) is regular if there is a subset PL of P(T) H 
C'o(A) dense in D{E) with respect to Ei and dense in C'o(A) with respect to the uniform norm. PL is 
called a core for D{E). 

We say that the Dirichlet form {E,D{E)) is local if for all u, x G D{E) with disjoint compact 
support E{u,v) =0. T is said strongly local if //, x G D{E) with compact support and x constant on a 
neighborhood of suppn implies E{u,v) = 0. 

Lemma A.l. Let B C and consider a cutoff rj G C^{B). Then, u G Xioc U implies pu G Tb- 

Proof. Take u G then there exists u G such that u = u on 2B. Let {/nln C C'^(IR'^) be 
such that fn^u with respect to T -(- (•, •)a. Clearly pfn G and r//„ pu = pu in L'^{B,Adx). 
Moreover 

£{vfn - vfm) < 2T(/n - fm) + W'^vWlo [ \ fn “ fm^Adx. 

Jb 

Hence pfn is Cauchy in L?‘{B,Adx) with respect to T -|- which implies that pu G F^ = Fb- If 

u G Floe the proof is similar, and one has only to observe that {fn} is Cauchy in (B), which 

by Sobolev’s embedding theorem implies that {fn} is Cauchy in L?‘{B,Adx). □ 
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Lemma A.2. Let ijj : R ^ R be a globally Lipschitz function with constant L and with "0(0) = 0. If 
(Tioc), then ^^{u) € F (Fioc)- 

Proof. Let i? C be a ball, and u ^ F such that u = u on B. Then, it is easy to verify that the 
function iIj{u)/L is a normal contraction of u, since 

lipiuix)) - V’(«(y))l < L\u{x) - u(y)|, |V’(ft(a;))| < L\u{x)\. 

Hence ip{u) € F; in particular 'ijj{u) = ipiu) on B, which gives the thesis. □ 

Lemma A.3. Let F : R ^ R be a twice differentiable function with bounded second derivative and 
positive first derivative. Assume that F'(0) = 0. Then for any caloric (subcaloric, supercaloric) function 
u we have 

— {F{ut),f)A+£{ut,F'{ut)(f) = 0, (<, >) 

for all (f> G C'^(R'^), f > 0 and t > 0. 

Proof. Observe that F" bounded and F'{0) = 0 implies that F'{ut) G F^ by Lemma [A.21 
j^{F{ut),4>)A = lim^{F{ut+h) - F{ut),(f)A 

= l\m]-{F'{ut)iut+h - ut), (P)a + ]-iR{ut+h - ut), (P)a- 

/i4.o It fi 

Where |i2(a;)| < ||T"||oo|xp. The first summand converges to £{ut, F'{ut)(f) since ut solves (12.31) . It 
remains to show that the second summand goes to zero. 

^\{R{ut+h - Ut)A)A\ < ^ll</>l|oo||^"||oo||K+h - «t)^"^ll2,A 0 

as h —)■ 0. For subcaloric and supercaloric functions the proof follows the same lines. □ 


B Bombieri-Giusti’s Lemma 


In order to obtain an Harnack inequality for positive weak solutions to an elliptic or parabolic equation 
we will make use of the following lemma due to Bombieri and Giusti, whose proof can be found in |19| . 

Consider a collection of measurable subsets 11^, 0 < a < 1, of a fixed measure space 
endowed with a measure 7 , such that C/g-' C 17^ whenever a' < a. In our application, Ua will be 
B{x,ar) for some fixed ball B{x,r) C R'^. 


Lemma B.l (Bombieri-Giusti |3]). Fix 6 G (0,1). Let k and Ki,K 2 be positive constants and 0 < 
oq < 00 . Let u be a positive measurable function on U '.= Ui which satisfies 


(B.l) 




'u„ 


1 

CXQ 


for all cr, a' and a such that 0 < d 
satisfies 


(B.2) 


< a' < a < 1 and 0 < a < min{l,ao/2}- Assume further that u 
7 (logM > i) < K 2 'y{U)i~^ 


for all i > 0. Then 



1 

< Cbgi{U)°‘o , 


where Cbg depends only on Ki, K 2 ,S, k and a lower bound on ag. 
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